The geometric phase of an atomic system has been observed in V-type three-level barium atoms using photon echoes. The geometric phase results from a cyclic evolution of a two-level subsystem driven by a laser pulse. The phase change is observed on the echo field produced on a different subsystem that is coupled via the ground state to the driven subsystem. The measured geometric phase was half of the solid angle subtended by the Bloch vector along the driven evolution circuit. This evolution has the potential to form universal operations of quantum bits. When a quantum system evolves along a cyclic route, it acquires a geometric phase. Different from the Hamiltoniandependent dynamic phase, the geometric phase depends only on the circuit path ͓1͔. Geometric phase has been observed in spin 1/2 systems through nuclear-magnetic-resonance experiments ͓2͔ and with polarized photons using interferometers ͓3͔. Recently, geometric phase has been attracting increasing interest because of its importance for understanding and implementing quantum computation in real physical systems. It has been suggested that geometric phase can be used to realize controlled-NOT logic gate operations in spin 1/2 systems ͓4͔, and in superconducting nanocircuits ͓5͔. Along with this, atomic systems, such as rare-earth ions doped in crystals, have been proposed as possible physical systems to realize quantum computation ͓6͔. Study of the geometric phase in these systems will be of significance for understanding the physical processes governed by quantum theory, as well as application issues, such as the preparation and the operation of the atoms as qubits. As a first step towards physical implementation of quantum computation in such a material, this paper reports an experimental demonstration of the optical control of the geometric phase in an atomic system of barium vapor that has properties similar to those of rare-earth ion doped systems with potential applications to qubit operations considered.
When a quantum system evolves along a cyclic route, it acquires a geometric phase. Different from the Hamiltoniandependent dynamic phase, the geometric phase depends only on the circuit path ͓1͔. Geometric phase has been observed in spin 1/2 systems through nuclear-magnetic-resonance experiments ͓2͔ and with polarized photons using interferometers ͓3͔. Recently, geometric phase has been attracting increasing interest because of its importance for understanding and implementing quantum computation in real physical systems. It has been suggested that geometric phase can be used to realize controlled-NOT logic gate operations in spin 1/2 systems ͓4͔, and in superconducting nanocircuits ͓5͔. Along with this, atomic systems, such as rare-earth ions doped in crystals, have been proposed as possible physical systems to realize quantum computation ͓6͔. Study of the geometric phase in these systems will be of significance for understanding the physical processes governed by quantum theory, as well as application issues, such as the preparation and the operation of the atoms as qubits. As a first step towards physical implementation of quantum computation in such a material, this paper reports an experimental demonstration of the optical control of the geometric phase in an atomic system of barium vapor that has properties similar to those of rare-earth ion doped systems with potential applications to qubit operations considered.
As an optical analog of a spin 1/2 system driven by a magnetic field, a two-level atomic system driven by an electromagnetic field can undergo a cyclic evolution. The geometric phase of the system then depends upon the closed loop traced by the atomic state vector ͑the Bloch vector͒, in the projective Hilbert space ͑the Bloch sphere͒. Precisely, the geometric phase, ϭϪ/2, is equal to half of the solid angle subtended by the Bloch vector undergoing the cyclic evolution ͓2͔. For example, if the electromagnetic field acting on the atoms has a pulse area of 2, the Bloch vector evolves through one full revolution enclosing a solid angle of 2, provided decoherence is ignored during the interaction. During this cyclic evolution, the atomic wave function therefore gains a geometric phase of Ϫ. In order to bring the system back to its original state, a pulse with area of 4 is required to impart a phase change of Ϫ2 on the final wave function. It has been suggested that such electromagnetic control of the geometric phase can be observed using photon echo experiments under the condition that the two atomic levels are coupled to a third level ͓7͔. As the result of the coherence ͑or superposition͒ between two pure atomic states, the photon echo is an efficient tool to study the evolution of the atomic wave function under optical excitations including optically controlled qubit operations in atomic systems.
In this paper, we report to the best of our knowledge the first observation of the optical control of geometric phase in a three-level atomic system. The phase change of the atomic wave function was measured with photon echoes in barium vapor. The barium transitions used were between the 1 S 0 ͑ground state͒ and triplet 3 P 1 ͑excited states͒ as shown in Fig. 1͑a͒ . The Zeeman levels of the 3 P 1 were split by an external magnetic field applied parallel to the optical propagation direction. The mϭϮ1 Zeeman levels, ͉ϩ͘ and ͉Ϫ͘, together with the ground state ͉g͘ constituted a V-type threelevel system ͓8͔. The transitions between the ground state and the mϭϩ1 and mϭϪ1 Zeeman levels are excited by FIG. 1. ͑a͒ Three-level energy diagram of the barium atom ( 1 S 0 -3 P 1 transitions͒. 3 P 1 (mϭϮ1) is split by an external magnetic field into an up-shifted level ͉ϩ͘ and a down-shifted level ͉Ϫ͘. The ͉g͘-͉ϩ͘ and ͉g͘-͉Ϫ͘ transitions are excited by right-hand ( ϩ) and left-hand (Ϫ) circularly polarized light, respectively. ͑b͒ The setup schematic of photon echo experiment. AOM, acoustooptic modulator; PBS, polarized beam splitter. ͑c͒ The timing and polarization schemes of the pulses P1 and P2, the driving pulse, and the echo. The pulse areas are /2, n, and for P1, the driving pulse, and P2, respectively. right-hand ͑ϩ͒ and left-hand ͑Ϫ͒ circularly polarized light, respectively.
A typical photon echo is produced in a two-level system by applying two resonant light pulses in sequence. In our experiments, pulse one ( P1) creates a coherence between ͉g͘ and ͉Ϫ͘, which dephases after pulse one due to the inhomogeneous Doppler broadening of the transition. Pulse two ( P2), which happens at a time 21 after P1, flips the accumulated phase of each atom about /2 to -. This results in a rephasing of the coherences for all atoms ͑an echo͒ at a time 21 after P2, regardless of atomic detuning. This assumes P1 and P2 have the same phase with respect to the laser.
For a two-level system, ͉g͘ and ͉Ϫ͘, the atomic wave function at any point in time can be written as, ⌿(t) ϭc g (t)͉g͘ϩc Ϫ (t)͉Ϫ͘. The observable is the macroscopic polarization that has an expectation value calculated as P gϪ (t)ϭ͗⌿(t)͉V͉⌿(t)͘ϭ(c g c Ϫ * ϩc Ϫ c g *) gϪ , where V is the dipole moment operator and gϪ is the atomic dipole moment associated with the ͉g͘ to ͉Ϫ͘ transition. If ⌿(t) undergoes a cyclic circuit C in a closed system, for instance by applying optical driving fields with pulse areas, ϭ2n, where n is an integer number, the Bloch vector encloses a solid angle of provided the coherent dephasing is negligible during the evolution ͑the pulse duration is considered to be much shorter than the inverse of the laser detuning from the atom of interest͒. The wave function acquires a geometric phase, c ϭϪn, and ⌿(t) is multiplied by exp(i c ). However, the geometric phase change in such a two-level system is undetectable by measuring the observable P gϪ (t), as the phase terms simply cancel.
Next consider the wave function of the three-level system given by ⌽(t)ϭc g (t)͉g͘ϩc Ϫ (t)͉Ϫ͘ϩc ϩ (t)͉ϩ͘. If the transition between ͉g͘ and ͉ϩ͘ undergoes a cyclic circuit D,
The resultant phase change is observable in the polarization between ͉g͘ and ͉Ϫ͘ any time afterwards as P gϪ (t)
Thus, the sign of the echo field depends upon the accrued geometric phase. If the ͉g͘ to ͉ϩ͘ transition is driven by an optical pulse with an area of ϭ2n, the geometric phase accrued is Ϫn, resulting in observable echo field phase changes of (Ϫ1) n . Thus, the optically induced geometric phase changes can be observed by measuring the phase changes of the echo fields. Figure 1͑b͒ shows the schematic representation of the experimental setup. A cw Ti:sapphire laser at 791 nm was resonant with the 1 S 0 -3 P 1 transition. The two 3 P 1 Zeeman levels (mϭϮ1) were split by 205 MHz using an external magnetic field of 49 G applied along the propagation direction of the light. The two acoustic-optical modulators, AOM 1 and AOM 2, were used to create and control the timing, the frequencies, and amplitudes of the optical pulses. The optical pulses on beams 1 and 2 were made resonant with ͉g͘-͉Ϫ͘ and ͉g͘-͉ϩ͘ transitions, respectively. The half wave and the polarizing beam splitter combined the beams with orthogonal linear polarizations. The quarter-wave plate thus gave beams 1 and 2 circular polarizations, Ϫ and ϩ, needed to excite the corresponding transitions, ͉g͘-͉Ϫ͘ and ͉g͘-͉ϩ͘, respectively. The timing and the polarization of the pulses are illustrated in Fig. 1͑c͒ . Pulses P1 and P2 on beam 1 with pulse areas of /2 and , respectively, generate the echo signal on the ͉g͘-͉Ϫ͘ transition. The driving pulse on beam 2 was applied between P1 and P2, and its pulse area on the ͉g͘-͉ϩ͘ transition was adjusted by varying the amplitude with AOM 2. The homogeneous dephasing time was measured to be 1.6 s. The durations of P1, P2, and the driving pulse were less than 0.15 s. Thus, the effects of homogeneous dephasing during the light pulses should be negligible.
The coupling condition of the three-level system was tested and the results are plotted in Fig. 2 . The three out-ofscale pulses in the plot are P1, P2, and the driving pulse. Trace 1 shows the echo with an applied magnetic field of 49 G and zero driving power, whereas trace 2 is for nearly zero applied magnetic field and driving pulse of area . In both cases, the two Zeeman levels were not coupled. In the first case, the driving pulse was nonexistent, therefore no atoms were excited to the ͉ϩ͘ level. In the second case, the driving pulse was associated with far detuned atoms because there was no splitting of mϭϮ1 levels. Without any coupling of the ͉g͘ to ͉ϩ͘ level, the ͉g͘ to ͉Ϫ͘ transition is an isolated two-level system and strong echoes are seen with either the magnetic field alone ͑trace 1͒ or the driving pulse alone ͑trace 2͒. When the driving pulse and the magnetic field are both applied, the two Zeeman levels are then coupled through the ground state. When the driving pulse area is , as shown in trace 3 of Fig. 2 , the echo intensity is minimized because most of the atoms are pumped up to ͉ϩ͘ from the ground state, so c g ϭ0. Thus, P g Ϫϭ 0 and no echo is emitted.
The driving pulse's effect on the phase of the echo field is studied experimentally and theoretically in Fig. 3 . P1 and P2 were 150 ns and had pulse areas of /2 and , respectively. The driving pulse was 130-ns long. To observe the echo phase, a low-intensity homodyne pulse was added to the pulse sequence during the echo output. Figure 3͑a͒ show FIG. 2 . The coupling effect of 1 S 0 and two 3 P 1 Zeeman levels in a photon echo experiment. Trace 1 shows echo with magnetic field alone ͑without driving pulse͒. Trace 2 shows echo with a driving pulse alone ͑without applied magnetic field͒. Trace 3 shows echo with both driving pulse and 49-G magnetic field. The traces are vertically offset, but have the same scale. The strong input pulses are chopped.
RAPID COMMUNICATIONS
the echoes for 0, , 2, 3, and 4 driving pulses, the bottom trace shows only the homodyne pulse with P2 and driving pulse applied. A 2 driving pulse results in a geometric phase shift of . This is observed as a phase shift of the echo field, demonstrating the half integer nature of the geometric phase of the atomic state after one full cyclic ͑2͒ evolution of the Bloch vector. The echo field with a 4 driving pulse has the same sign as that with zero driving field, as expected for a geometric phase of 2. One noticeable feature is that the driving pulse caused the echo delay to shift from its nominal value of 21 . This is due to the non-negligible duration of the driving pulse. For 2 ͑or 4͒ driving pulses, the coherences that lead to the echo cycle a period once ͑or twice͒ from being coherences between the ground and ͉Ϫ͘ excited levels to being coherences between the two Zeeman levels, then return to the initial state. The coherences thus spend 50% of the driving pulse's duration as excited-state coherences, which do not experience significant inhomogeneous dephasing. This shortens the echo rephasing time by half the driving pulse duration. The nearly cancelled echo fields for driving pulse areas of and 3 are due to the coherences not being cycled back and remaining as nonrephasing excited-state Zeeman coherences.
We adapted the conventional theory of echoes to one that models the photon echo process in a coupled three-level system ͓9͔. The density matrix in the atomic frame,
represents the state of an atom at time t and with detuning ⌬. The detuning ⌬ is defined as the atomic transition frequency minus the laser frequency. Since the laser shift by the AOMs is equal to the Zeeman splitting, the detuning for a given atom is the same for both transitions. The interaction matrix for the excitations resonant between ͉g͘-͉Ϫ͘ ͑pulses P1 and P2) is
where nϭ1,2 corresponding to P1 and P2, respectively. ⍀ n0 ϭE n /ប and ⍀ n ϭͱ⍀ n0 2 ϩ⌬ 2 denote the on-resonant and generalized Rabi frequencies for a constant electric field E n and frequency detuning ⌬. The generalized pulse area is defined as n ϭ⍀ n n for pulse duration n and t n is the start time of the nth pulse. Similarly, the interaction matrix of the driving pulse that excites the ͉g͘-͉ϩ͘ transition is
The experimental results of photon echo signals of homodyne detection with various driving pulse areas of 0, , 2, 3, and 4 as marked by the traces. The bottom trace shows the homodyne pulse only. The traces are vertically offset, but have the same scale except the and 3 traces that are magnified. ͑b͒ The calculated echoes' fields under the same condition as those in ͑a͒.
These formulas for the interaction matrices are valid under the condition that none of the pulses are temporally overlapped and the homogeneous dephasing is ignored. The atomic state after the sequence of P1, the driving pulse, and P2 can be calculated as The electric field of the echo signal is proportional to the induced macroscopic polarization, which itself is proportional to the inverse Fourier transform of g Ϫ( ⌬) as E echo (t)ϰ͐ ϱ Ϫϱ g Ϫ( ⌬)exp(i⌬t)d⌬, assuming a uniform spectral distribution of the atoms. Figure 3͑b͒ plots the calculated echo fields corresponding to the experimental conditions in Fig. 3͑a͒ . The calculated echo shapes show good agreement with those measured in the experiment. The arrival times of both the measured and calculated echoes are shortened by ϳ60 ns for a driving pulse with area of 2 and 4, roughly half the driving pulse duration, as predicted. Driving pulses with area of or 3 do not result in completely cancelled echoes due mostly to contributions from the off-resonant atoms ͑i.e., ⍀ p ⍀ p0 ). The difference in the relative strengths of the measured and calculated echoes with different driving pulse areas is likely due to the Gaussian transverse spatial profile of the experimental laser beams and the absorption of the driving pulse along the direction of propagation. Neither effect was included in the calculations. The experiment was also performed with the driving pulse occurring between P2 and the echo. Similar results were obtained with echo delay shifted in the opposite direction.
In summary, we have observed the optical control of geometric phase for an atomic state using photon echoes in a coupled three-level system. A driving laser pulse was resonant with a two-level subsystem while the echo was produced in a different, but coupled, two-level subsystem. Results showed that driving pulses with areas of 2 and 4 resulted in geometric phases of and 2, respectively. The calculated and observed echo field shapes and phases are in good agreement with each other. Although the experiment was performed in barium vapor, similar experiments can be conducted in solid-state atomic systems such as rare-earth doped crystals ͓6͔. This class of materials is a possible physical system for quantum computing. In general, a two-level atom constitutes a qubit represented by the atomic state, usually a mixture of the two basis states related to the two energy levels. Any single qubit operation is equivalent to a transformation of one atomic state into another through changes of the complex components of the basis states in the atomic wave function. The optically controlled geometric phase can be used to perform qubit operations with the advantage of fault tolerance to certain operation errors ͓4,5͔. Taking the example of the three-level system studied above, one can prepare a qubit between the base states ͉Ϫ͘ and ͉ϩ͘ by optical excitations from the ground state ͉g͘. The phases of the components of the basis states can be changed individually by optically driving the corresponding subsystems, ͉g͘-͉Ϫ͘ or ͉g͘-͉ϩ͘, through properly designed routes to enclose the desired solid angles. More complicated evolution routes can be designed for a unitary operation on the qubit involving amplitude changes of the two basis states. Multiqubits can be prepared and individually operated in the same manner with different atoms. If an interaction ͑for example, through electronic dipole coupling͒ exists between two atoms representing two qubits, the state of one atom can affect the optically induced evolution of the other atom through an interaction Hamiltonian, and vice versa. Then, one of qubits in this pair can be used to control the operation of the other qubit. This promises the realization of the universal controlled-NOT gate operation through optical manipulation of the geometric phases.
